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Freeze-in vs. Freeze-out
The reheating and thermalization processes after inflation have a finite duration

γ

inflation reheating radiation

thermalization

φ
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Freeze-in vs. Freeze-out
The reheating and thermalization processes after inflation have a finite duration

γ

inflation reheating radiation

thermalization

φ

t

Yχ ≡ nχ

nγ

mχ/T ∼ 1 Γann ∼ H

O(1)

≪ 1

Freeze-out:

• Thermal equilibrium

• Thermal production

• Yχ ←→ ⟨σv⟩ann

• IR dominated
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Freeze-in vs. Freeze-out
The reheating and thermalization processes after inflation have a finite duration

γ

inflation reheating radiation

thermalization

φ

t

Yχ

mχ/T ∼ 1

Yχ ≪ 1

Freeze-in:

• Not in equilibrium

• Thermal production

• Yχ ←→ ⟨σv⟩prod

• IR dominated
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Freeze-in vs. Freeze-out
The reheating and thermalization processes after inflation have a finite duration

γ

inflation reheating radiation

thermalization

φ

t

Yχ p ∼ mφ

p ∼ Tmax

p ∼ Treh

Yχ ≪ 1

σ(s)

Freeze-in:

• Not in equilibrium

• Non-thermal and
thermal production

• Yχ ←→ ⟨σv⟩prod

• UV dominated

<latexit sha1_base64="wzgKQX1asKqH14AUadlvOkSCN6Y="></latexit>
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Reheating and Thermalization
(i) Instantaneous inflaton decay and thermalization:

Treh =

(

40
π2greh

)1/4
(ΓϕMP)

1/2

Marcos A. G. García. KCL 19/06/2018 5/29



Reheating and Thermalization
(i) Instantaneous inflaton decay and thermalization:

Treh =

(

40
π2greh

)1/4
(ΓϕMP)

1/2

(ii) Instantaneous thermalization:

ρ̇ϕ + 3Hρϕ + Γϕρϕ = 0
ρ̇γ + 4Hργ − Γϕρϕ = 0

ρϕ + ργ = 3M 2
PH 2

t

T

Tmax

Treh

∝ t−1/4

∼ m−1
φ Γ−1

φ

Tmax ∼

(mφ

Γφ

)1/4
Treh
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Reheating and Thermalization

(iii) The path to thermal equilibrium:

Immediately after reheating starts, nγ is not determined by a temperature, but by counting

How many inflatons are left over?

nϕ =
ρϕ
mϕ

=
ρend

mϕ

(

a
aend

)−3
e−Γφt

How many inflatons have decayed?

nγ ≃ ρend

mϕ

(

a
aend

)−3
(

1− e−Γφt
)

In thermal equilibrium we would have

g̃nT
γ ≡

(

∑

B
gB +

3
4
∑

F
gF

)

ζ(3)
π2 T 3

At Tmax , g̃nT
γ /nγ > 1 for Γϕ/mϕ ≲ 10−10 (Planck suppressed)
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Reheating and Thermalization

The spectrum of γ is determined by the decay of the φ-condensate, fϕ = (2π)3nϕδ3(p)

∂fγ
∂t −Hk∂fγ

∂k =
2π2

k2 nϕΓϕδ(k−mϕ/2)

The solution predicts very energetic particles, ⟨k⟩ ∼ mϕ ,

fγ(k) ≃ 24π2 nγ
m3
ϕ

(mϕ

2k

)3/2
θ(mϕ/2− k)

Marcos A. G. García. KCL 19/06/2018 7/29



Reheating and Thermalization

The spectrum of γ is determined by the decay of the φ-condensate, fϕ = (2π)3nϕδ3(p)

∂fγ
∂t −Hk∂fγ

∂k =
2π2

k2 nϕΓϕδ(k−mϕ/2)

The solution predicts very energetic particles, ⟨k⟩ ∼ mϕ ,

fγ(k) ≃ 24π2 nγ
m3
ϕ

(mϕ

2k

)3/2
θ(mϕ/2− k)

t

mφ/2

These particles need to slow-down and multiply
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Reheating and Thermalization

Thermalization through gauge interactions is tricky
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Reheating and Thermalization

Thermalization through gauge interactions is tricky

If a Boltzmann eq. can be used to track the evolution of fγ(p), the elastic collision term would be

C2↔2[fγ(p)] =
1
2

∫ d3k d3p′ d3k′

(2π)9
|M(p, k; p′, k′)|2

(2p0)(2k0)(2p′
0)(2k′0)

(2π)4δ(4)(p + k− p′ − k′)

×
{

fpfk[1± fp′ ][1± fk′ ]− fp′ fk′ [1± fp][1± fk]
}

,

|M(p, k; p′, k′)|2
(2p0)(2k0)(2p′

0)(2k′0)
∼ α2

|k− k′|4⊥

Screening scale determined by effect of successive scatterings

m2
s ∼ α

∫

d 3k fγ(k)/k ⇒ Γelas

H ∼ αmϕt

(A. Kurkela, G. Moore, 1107.5050; J. Ellis, MG et. al., 1512.05701)
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Reheating and Thermalization

Thermalization through gauge interactions is tricky

Inelastic processes can have formation times which exceed the mean free time between
scatterings

̸= 0

(L. Landau, I. Pomeranchuk, Dokl. Akad. Nauk Ser. Fiz. 92 (1953) 535; A. Migdal, Phys. Rev. 103 (1956) 1811)
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Reheating and Thermalization

Thermalization through gauge interactions is tricky

Inelastic processes can have formation times which exceed the mean free time between
scatterings

̸= 0

(L. Landau, I. Pomeranchuk, Dokl. Akad. Nauk Ser. Fiz. 92 (1953) 535; A. Migdal, Phys. Rev. 103 (1956) 1811)

Hard branching including LPM effect

tγ ∼
√

τE
q2
⊥

(P. Arnold, G. Moore, L. Yaffe, hep-ph/0209353)
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Reheating and Thermalization

Thermalization through gauge interactions is tricky

Inelastic processes can have formation times which exceed the mean free time between
scatterings

̸= 0

(L. Landau, I. Pomeranchuk, Dokl. Akad. Nauk Ser. Fiz. 92 (1953) 535; A. Migdal, Phys. Rev. 103 (1956) 1811)

Hard branching including LPM effect

Γinelas

H ∼ α
(

MP

m

)

(Γϕt)1/2

(J. Ellis, MG et. al., 1512.05701)
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Reheating and Thermalization

(A. Kurkela, G. Moore, 1107.5050)
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Reheating and Thermalization

(A. Kurkela, G. Moore, 1107.5050)

(K. Harigaya, K. Mukaida, 1312.3097; K. Mukaida, M. Yamada, 1506.07661)
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Reheating and Thermalization

(A. Kurkela, G. Moore, 1107.5050)

(K. Harigaya, K. Mukaida, 1312.3097; K. Mukaida, M. Yamada, 1506.07661)

Γϕtth ≃ α−16/5

(

Γϕm2
ϕ

M 3
P

)2/5

≪ 1

Tth ≃ α4/5mϕ

(

24
π2greh

)1/4
(

ΓϕM2
P

m3
ϕ

)2/5
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Non-equilibrium DM production

The interaction between DM and the
relativistic background is very weak

∂fχ
∂t − p1

∂fχ
∂p1

= − 1
2p1

∫

gχd3p2

(2π)32p2

gγd3k1

(2π)32k1

gγd3k2

(2π)32k2
(2π)4δ(4)(k1 + k2 − p1 − p2)

×
[

|M|2χχ→γγ fχ(p1) fχ(p2) [1 + fγ(k1)] [1 + fγ(k2)]

− |M|2γγ→χχ fγ(k1) fγ(k2) [1− fχ(p1) ] [1− fχ(p2) ]

]
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Non-equilibrium DM production

The interaction between DM and the
relativistic background is very weak

∂fχ
∂t − p1

∂fχ
∂p1

= − 1
2p1

∫

gχd3p2

(2π)32p2

gγd3k1

(2π)32k1

gγd3k2

(2π)32k2
(2π)4δ(4)(k1 + k2 − p1 − p2)

×
[

|M|2χχ→γγ fχ(p1) fχ(p2) [1 + fγ(k1)] [1 + fγ(k2)]

− |M|2γγ→χχ fγ(k1) fγ(k2) [1− fχ(p1) ] [1− fχ(p2) ]

]

Integrating,

dnχ
dt + 3Hnχ = 4g2

χg2
γ

∫

d3k1

(2π)32k1

d3k2

(2π)32k2
(k1 · k2)σ(s)γγ→χχ fγ(k1)fγ(k2)
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Non-thermal vs. thermal production
Before thermalization:

ṅχ + 3Hnχ = 18g2
χg2
γ

n2
γ

m3
ϕ

∫ m2
φ

0
ds
√

sσ(s)
[

ln

(

mφ+
√

m2
φ
−s

√
s

)

−
√

m2
φ
−s

mφ

]

⟨σv⟩NTn2
γ
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Non-thermal vs. thermal production
Before thermalization:

ṅχ + 3Hnχ = 18g2
χg2
γ

n2
γ

m3
ϕ

∫ m2
φ

0
ds
√

sσ(s)
[

ln

(

mφ+
√

m2
φ
−s

√
s

)

−
√

m2
φ
−s

mφ

]

⟨σv⟩NTn2
γ

After thermalization:

ṅχ + 3Hnχ =
g2
χg2
γ

8π4

∫

dk1 dk2 d cos θ12
(k1k2)

2(1− cos θ12)

(ek1/T ± 1)(ek2/T ± 1) σ(s)




y
M.B.

≃ g2
χg2
γT

2(2π)4

∫ ∞

0
ds s3/2σ(s)K1(

√
s/T)

⟨σv⟩T(nT
γ )

2
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Non-thermal vs. thermal production

Let σ(s) ∼ sn/2

Mn+2 so that
⟨σv⟩
g2
χg2
γ

∝ 1
Mn+2







T n (T)

mn
ϕ (NT)
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Non-thermal vs. thermal production

Let σ(s) ∼ sn/2

Mn+2 so that
⟨σv⟩
g2
χg2
γ

∝ 1
Mn+2







T n (T)

mn
ϕ (NT)

Thermal:

Y T
χ (Treh) ∝ MPT 7

reh

g1/2
reh Mn+2

×















1
n− 6 (T

n−6
max − T n−6

reh ) , n > −1 , n ̸= 6

ln

(

Tmax

Treh

)

, n = 6
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Non-thermal vs. thermal production

Let σ(s) ∼ sn/2

Mn+2 so that
⟨σv⟩
g2
χg2
γ

∝ 1
Mn+2







T n (T)

mn
ϕ (NT)

Thermal:

Y T
χ (Treh) ∝ MPT 7

reh

g1/2
reh Mn+2

×















1
n− 6 (T

n−6
max − T n−6

reh ) , n > −1 , n ̸= 6

ln

(

Tmax

Treh

)

, n = 6

Non-thermal:

Y NT
χ (Treh) ∝ g3/2

reh
T 3

rehMPmn−2
ϕ

Mn+2 (Γϕtth)
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Non-thermal vs. thermal production

Let σ(s) ∼ sn/2

Mn+2 so that
⟨σv⟩
g2
χg2
γ

∝ 1
Mn+2







T n (T)

mn
ϕ (NT)
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Light Gravitino
φ→ g + g and weak scale supersymmetry

SM

superpartners

inflaton

gravitino
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Light Gravitino
φ→ g + g and weak scale supersymmetry
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q

g q

G

g
a

+ +

q

g q

G

q
+

q

g q

G

q

q

g q

G

g + · · ·

⟨σv⟩NT =

3
∑

i=1

16παi

M2
P

|fabc
|
2
(

1 +
m2

g̃i
3m2

3/2

)

⟨σv⟩T =

3
∑

i=1

3π2ciαi

4ζ(3)M2
P

(

1 +
m2

g̃i
3m2

3/2

)

ln

( ki

gi

)

(M. Bolz et. al., hep-ph/0012052)

(V. Rychkov, A. Strumia, hep-ph/0701104)
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Light Gravitino
φ→ g + g and weak scale supersymmetry
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Heavy Gravitino
φ→ g + g and high scale supersymmetry (E. Dudas, Y. Mambrini, K. Olive, 1704.03008)

SM

superpartners

inflaton

gravitino m3/2 =
F√

3MP
≳ 0.1 EeV

Msusy =
F

Λmess
, Λmess ≥ Msusy
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Heavy Gravitino
φ→ g + g and high scale supersymmetry

Leading-order universal Goldstino-matter interactions (F =
√

3m3/2MP):

L2G =
i

2F 2

(

Gσµ∂νḠ− ∂νGσµḠ
)

Tµν

(∂µH∂νH† + h.c.)

(ψ̄σ̄µ∂νψ + · · · )

(Fλa
µ Fa

νλ) ⟨σv⟩NT =
154m6

ϕ

5(64)2F 4

⟨σv⟩T =
6400π11T 6

(945)2ζ(3)2F 4

(K. Benakli et. al., 1701.06574)
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Heavy Gravitino
φ→ g + g and high scale supersymmetry
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Heavy Gravitino
φ→ g + g and high scale supersymmetry

Assuming instantaneous reheating and thermalization...

Ωinst
3/2 h2 ≃ 0.11

(

0.1 EeV
m3/2

)3 ( Treh

2.2× 1010

)7

vs. accounting for their finite duration...

Ω3/2h2 ≃ 0.11
(

0.1 EeV
m3/2

)3 ( Treh

2.2× 108

)19/5 ( mϕ

3× 1013 GeV

)24/5 (0.030
α3

)16/5

(similar analysis applies to DM production through heavy spin-2 mediators, N. Bernal et. al. 1803.01866)
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Freezing-in dark matter through a heavy invisible Z
0

Gautam Bhattacharyyaa,⇤ Máıra Dutrab,† Yann Mambrinib,‡ Mathias Pierreb§
a Saha Institute of Nuclear Physics, HBNI, 1/AF Bidhan Nagar, Kolkata 700064, India

b Laboratoire de Physique Théorique (UMR8627), CNRS,
Univ. Paris-Sud, Université Paris-Saclay, 91405 Orsay, France

(1806.00016 [hep-ph])

FIG. 1: Production of dark matter through gluon fusion in

the early Universe

FIG. 4: Triangle diagram generated containing heavy chiral
fermions Ψi (left panel), and the resulting effective vertex at

low energy (right panel).

R(T ) ⇡

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

2⇥ 102
α2

Λ4

m2

χ

M4

Z0

T 10 (fermionic DM)

104
β2

Λ4M4

Z0

T 12 (abelian DM)

2⇥ 109
γ2

Λ4M4

Z0

T 16 (non-abelian DM)

(14)

⟨σv⟩n2
γ = → n = 6

→ n = 4

→ n = 10
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Conclusion

• UV-dominated freeze-in during reheating is realized for σ(s) ∼ sn/2, n > 2

• Thermalization time-scale determines the DM abundance at late times

• Effect important for DM production in very high scale susy models, or for heavy
spin-2 mediators

• Preheating? Neff ?
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Λ
BROWNIAN MOTION 

IN THE EARLY UNIVERSE



Complexity in the Early Universe

What if the early universe is not simple?
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Complexity in the Early Universe

What if the early universe is not simple?

S =

∫

d 4x
√−g

[

1
2Gij ∂µφ

i∂µφ j −V(φ)

]
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Complexity in the Early Universe

What if the early universe is not simple?

S =

∫

d 4x
√−g

[

1
2Gij ∂µφ

i∂µφ j −V(φ)

]





y

[

(∂2
τ + k2) + P(τ)∂τ +M(τ)

]

· χ = 0

where dτ = dt/a , χi canonically normalized, gauge invariant perturbations, and

(P)i
j = 2Γi

jkφ
k ′

(M)i
j = −

a′′

a δi
j − 2HΓi

jkφ
k ′ + a2

[

φ̇i

H V,k + (GijV,j),k + · · ·
]
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Complexity in the Early Universe

What if the early universe is not simple?

S =

∫

d 4x
√−g

[

1
2Gij ∂µφ

i∂µφ j −V(φ)

]





y

[

(∂2
τ + k2) + P(τ)∂τ +M(τ)

]

· χ = 0

ln ak = aH

lnPR

inflation

t

χ

(p)reheating
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Stochastic Particle Production
Spectator field in non-expanding background (M. Amin, D. Baumann 1512.02637)

(

d 2

dt 2 + k2 + M 2 + m2(t)
)

χ(t) = 0

t

m2
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Stochastic Particle Production
Spectator field in non-expanding background (M. Amin, D. Baumann 1512.02637)

(

d 2

dt 2 + k2 + M 2 + m2(t)
)

χ(t) = 0

t

m2

Mj

After the j-th event,

χj(t) ≡ 1√
2ω

[

βjeiωt + αje−iωt
]

,
(

βj
αj

)

= Mj

(

βj−1
αj−1

)

Marcos A. G. García. KCL 19/06/2018 19/29



Stochastic Particle Production
Spectator field in non-expanding background (M. Amin, D. Baumann 1512.02637)

(

d 2

dt 2 + k2 + M 2 + m2(t)
)

χ(t) = 0

t

m2

M(j)

M(j) = MjMj−1 · · ·M1

After the j-th event,

χj(t) ≡ 1√
2ω

[

βjeiωt + αje−iωt
]

,
(

βj
αj

)

= M(j)
(

β0
α0

)
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Stochastic Particle Production
Spectator field in non-expanding background (M. Amin, D. Baumann 1512.02637)

(

d 2

dt 2 + k2 + M 2 + m2(t)
)

χ(t) = 0

t

m2

A random walk (with drift) for the occupation number

n(j) = 1
2ω

(

|χ̇j|2 + ω2|χj|2
)

− 1
2 = |βj|2
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Stochastic Particle Production
Spectator field in non-expanding background (M. Amin, D. Baumann 1512.02637)

(

d 2

dt 2 + k2 + M 2 + m2(t)
)

χ(t) = 0

t

m2

t δt

M1 M2

∂tP(M; t) = −∂M
[

⟨δM⟩M2

δt P(M; t)
]

+
1
2!∂

2
M

[

⟨δM2⟩M2

δt P(M; t)
]

+ · · ·
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Stochastic Particle Production

Single field:
1
σ2

∂

∂t
P(n; t) = ∂

∂n

[

n2 ∂

∂n
P(n; t)

]

• log-normal

• late-time equilibrium←→ maximal entropy
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Stochastic Particle Production

Multiple fields:

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

Nf = 10

∼ 1/Nf

Similar
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Conformal Spectator in dS
Include now the effect of expansion

(

d 2

dt 2 + 3H d
dt+

k2

a2 +M 2 + m2(t)
)

χk(t) = 0

M 2 = 2H 2a = a0eH(t−t0) m2(t) =
∑

j mjδ(t− tj)

(conformal mass)(de Sitter) (non-adiabatic)
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Conformal Spectator in dS
Include now the effect of expansion

(

d 2

dt 2 + 3H d
dt+

k2

a2 +M 2 + m2(t)
)

χk(t) = 0

M 2 = 2H 2a = a0eH(t−t0) m2(t) =
∑

j mjδ(t− tj)

(conformal mass)(de Sitter) (non-adiabatic)

Or, with Xk = aχ, τ = a0/a

d2Xk
dτ2 +

(

k2

(a0H)2 +
∑

j

mj

τHδ(τ − τj)

)

Xk = 0

In between scatterings

Xk(τ) = αk,j fk(τ) + βk,j f ∗k(τ) , f k(τ) =
e−ikτ
√

2k
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Conformal Spectator in dS

Junction conditions
(

βj
αj

)

= Mj

(

βj−1
αj−1

)

= M(j)
(

β0
α0

)

with

Mj = 1 + imjaj

(

|f (τj)|2 f (τj)
2

−f (τj)
∗2 −|f (τj)|2

)

and

M(j) = MjMj−1 · · ·M1 =

(

eiϕ 0
0 e−iϕ

)(√
1 + n

√
n√

n
√

1 + n

)(

eiψ 0
0 e−iψ

)

φ(j) = 1
2 arg

(

βjα
∗
j
)

, ψ(j) = −1
2 arg (βjαj) , n(j) = |βj|2

Strength of interaction (perturbativity) is quantified by

Ns

H∆t
Var[mj]

H 2 ≡ Ns
σ2

H 2
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Conformal Spectator in dS
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Conformal Spectator in dS

With λ = 2n + 1, λ̃ =
√
λ2 − 1, ξ =

Ns

2

(

σ

2kphys

)2

Sub-horizon:

∂P
∂ξ

= −2 ∂

∂λ
(λP) +

∂2

∂λ2

(

λ̃2P
)

Super-horizon:

1
4
∂P
∂ξ

= − ∂

∂λ

[

λ cos2 φP
]

+
∂

∂φ

[

cos3 φ sinφP
]

+
1
2
∂2

∂λ2

[

λ2 sin2 2φP
]

+ 2 ∂2

∂λ∂φ

[

λ cos3 φ sinφP
]

+
1
2
∂2

∂φ2

[

cos4 φP
]
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Conformal Spectator in dS

Ns = 1000, Nreal = 1000, Ns(σ/H)2 = 10−4
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Conformal Spectator in dS

0 5 10 15 20 25 30 35
H∆t

−40

−20

0

20

40

ln
|χ
|2

P (ln |χ|2, t)

Mean
⟨ln |χ|2⟩ ∝ H(t− t∗)

Variance
Var [ln |χ|2] ∝ H(t− t∗)

0 10 20 30 40 50 60
H∆t

−0.2
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0.6
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1.0

1.2

〈Z
k
(t
)Z

k
0
(t

0
)〉

Ns(σs/H)2

104

102

1
10−2

10−4

⟨Zk(t)Zk0(t0)⟩ ∝ min(t− t⋆, t0 − t⋆)
×θ(t− t⋆)

where
Zk(t) = ln |χ|2 − ⟨ln |χ|2⟩

GEOMETRIC RANDOM WALK
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Power Spectrum

background dynamics particle production curvature fluctuations

⟨χk1χk2 · · · ⟩ ⟨ζk1ζk2 · · · ⟩

π̈k + [3H +Od]πk +
k2

a2πk = Os (⟨χχ · · · ⟩k)

dissipation driving

(D. Green, B. Horn, L. Senatore, E. Silverstein 0902.1006
D. L. Nacir, R. Porto, L. Senatore, M. Zaldarriaga 1109.4192
M. Dias, J. Frazer, D. Marsh 1604.05970
R. Flauger, M. Mirbabayi, L. Senatore, E. Silverstein 1606.00513)
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Power Spectrum

background dynamics particle production curvature fluctuations

⟨χk1χk2 · · · ⟩ ⟨ζk1ζk2 · · · ⟩

π̈k + [3H +Od]πk +
k2

a2πk = Os (⟨χχ · · · ⟩k)

dissipation driving

∆2
ζ ∼ ∆2

ζ

∣

∣

χ=0 + C ×
(

∆2
ζ

∣

∣

χ=0

)2
×Ns

σ2

H 2
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Power Spectrum

background dynamics particle production curvature fluctuations

⟨χk1χk2 · · · ⟩ ⟨ζk1ζk2 · · · ⟩

π̈k + [3H +Od]πk +
k2

a2πk = Os (⟨χχ · · · ⟩k)

dissipation driving

⟨ζn⟩ ∼ ⟨ζn⟩χ=0 + C′ × ⟨ζ2⟩n
χ=0 × exp

[

n2

2 F
(

Ns
σ2

H 2

)]

from log-normality

(work in progress!)
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The Future

• Non-conformal (massless) spectator

• Tensor fluctuations?

• (P)reheating

• Strong scattering regime: Random Matrix Theory?

• Non-linearity / Backreaction
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