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The Hj3 integrable model
The h3) algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The Hs rational model

The H3 rational Hamiltonian is

3
1 g
22{ f+ka+2}

Xi

5%, =3
o uamor D T (F1 o+ (=L)X

where {i,j, k} = {1,2,3} and all even permutations. The coupling

constant is 1

(v —1)>—=

and
1++5

Yt = 5
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

Explicitly:
Lim 1o 5 5 o0 1 1 1 1
Hp, =—§A( ) + 5904 3 +6) + Su(v —1) X—12+X—22+X—32
1 1
+2v(r—1 +
( ) (at+eixe+e-x3)?  (a— e+ e_x3)?

- - + L + L

(a+ o0 —9p_x3)?  (x1 —@px2 —p_x3)? (x4 @4x3+@_x1)?
- L + L + L

(e—pixs+e-x)  (e+teia—p-x)? (- pxa—p_xi)?
- : - ! - L

(3 +orxi+o-_x)?  (—pixi+o-x)?  (x3+oix1—p_x2)?

1

(X3 — P4+X1 — 907X2)2
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The Hamiltonian is invariant wrt the Hz Coxeter group, which is
the full symmetry group of the icosahedron. It is a subgroup of
O(3) and has order 120.

The Hamiltonian is symmetric with respect to the transformation

Xi%)Xj

P+ P-
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The ground state function and its eigenvalue are

w
Vo = A7AS exp —3 Zx,%
k=1

where

Alznxk
H II ba+

{ij,k} #1,2=0,1
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, Eo=—-w(1+10v)
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

Explicitly:
Vo = [x1 x2 x3]”
[(x1 + @2+ 0-x3) (x1 — P32 + 9-x3) (1 + P1x2 — P—x3)
(31 — pxe — p-x3) (2 + X3 + p-x1) (X2 — p1x3 +p_x1)
(X2 + p4x3 — Xl) (2 — pix3 —p-x1) (3 + p1x1 + p-x2)
( ) (3 4+ px1 — p-x2) ( x) 1"

X3 — PpX1 + X2 X3 = P4X1 —

w
x exp | =20 +55 +5)
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

Configuration space

The configuration space is the
domain in R3 where x123 >0
bounded by the planes

X1:0, X3:0,

X3+ @yx1+p_x2=0.

(the domain where (a-x) > 0).
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The ground state function
vanishes at the boundary.

It has a maximum at

x1 = 0.387
xp = 2.941
x3 = 0.446
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Make a gauge rotation of the Hamiltonian:

hu, =

2(Wo)*(Hw, — Eo)(Wo)
New spectral problem arises

hisd(x) = —2€¢(x)

with spectral parameter e = E — Ej

«4O0> «Fr» «E» «E» 12NN Ee



The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The algebraic form of the Hamiltonian

Make a gauge rotation of the Hamiltonian:
hry = —2(Vo) Y (Hp, — Eo)(Wo)
New spectral problem arises
hiyd(x) = —2€¢(x)
with spectral parameter e = E — Eg

Can we find variables leading to an algebraic form of hy,?
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What might those variables be?

@ Consider the fundamental weights of Ay, and their orbits Q:

weight vector

orbit size
w1 (O O+, 1) 12
» = (1,43%,0) 20
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What might those variables be?

The invariants of the H3 group

@ Consider the fundamental weights of Ay, and their orbits
weight vector

orbit size

w1 = (O O+, 1)

12
Wy = (1 7,72‘ O)

20
w3 = (O 2T”+A O)

30

@ Choose the shortest orbit and average

ta(x) = ) (w-x)?

wedy
a=2,6,10 are the degrees of the H3 group
«O0>» «F»r» « «E> = A
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The invariants of the H3 group

@ Consider the fundamental weights of Ay, and their orbits Q:

weight vector  orbit size
w1 =(0,¢4,1) 12
wy = (1,42,0) 20
w3 = (0,2¢4,0) 30

a
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

The invariants of the Hs group

@ Consider the fundamental weights of Ay, and their orbits €2

weight vector  orbit size

w1 = (07(1‘9+71) 12
w2 = (1,42%,0) 20
w3 = (0,2¢4,0) 30

@ Choose the shortest orbit and average
ta(x) = Y (w-x)°
we

a=2,6,10 are the degrees of the H3 group
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@ The invariants are defined ambiguously

th — o
te — te + altg
tio — tio + Qatats + sty
[~ ]
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The Hj3 integrable model
The h3) algebra

The H, integrable model
Conclusion

The H3 rational model
Algebraic form
Invariant polynomial spaces

@ The invariants are defined ambiguously

th — o
te — te + a1 tg
tigp — ti0 + a2t22t6 + a3t25
@ We look for parameters «; such that
» the Hamiltonian hy, has algebraic form
» has infinitely-many invariant subspaces in polynomials

» these subspaces form a flag
» the flag is “minimal”
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The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

Those variables are
_ 1
T 0428
_ 1 (t 13 )
10 + 16v/5 10 2
_ 1 <t10 76 , t2 e+ 251 1531 2)
250 4+ 110v/5 15 375

» Explicit expressions

The Hamiltonian takes the algebraic form

0
Z AU@T,@TJ + Z:: Jc‘?T

ij=1
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with
A1 =4
A1 = 1271
A13 = 207’3
A = —?7'127'2 + 77‘3
16
Az = 1—57'172 247’1 T3
A —6—47' ToT3 + — 128
33 — B 17273 45

B1 =6+ 60v — 4wry
Bz = —?(1 + 5V)7'1 — 12w7'2

64
B; = —1—5(2 +5v)1 71 — 20wTs
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The Hj3 integrable model
The h3) algebra

The H, integrable model
Conclusion

The H3 rational model
Algebraic form
Invariant polynomial spaces

Configuration space and Jacobian

In 7's the configuration space boundary is an algebraic surface of
degree 7 (degree 30 in x)

K(T) = — 129607972 4 57607} 7273 — 6407575 — 5400072772
+ 21600717373 — 230475 — 5062575 = 0

Boundary corresponds to zeros of Wy
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The Hj3 integrable model
The h(®) algebra

The H, integrable model
Conclusion

The H3 rational model
Algebraic form
Invariant polynomial spaces

Configuration space and Jacobian

In 7's the configuration space boundary is an algebraic surface of
degree 7 (degree 30 in x)

k(1) =— 129607‘15732 + 57607} 7273 — 6407 TS — 540007‘127‘2732
+ 216007, 7373 — 230475 — 5062575 = 0
Boundary corresponds to zeros of Wy
The square of the Jacobian of the change of variables x — 7

vanishes on this boundary:

o 9n  0m?
Ox1  Oxx Ox3

o 8

0 0 0

L= # & =5 Il @x= 5.
04672§r

9r3 013 Ot
Ox1  Oxx Ox3
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The algebraic operator hyy, preserves subspaces
(1,23) _
b =

(" 15273°10 < ny 4+ 2m 4+ 3n3 < ny

= characteristic vector is (1,2,3), they form an infinite flag

PoCcPrC---CP,C
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The Hj3 integrable model
The h3) algebra

The H, integrable model
Conclusion

The H3 rational model
Algebraic form
Invariant polynomial spaces

Polynomial spaces

The algebraic operator hy, preserves subspaces
PP = (7irf2r#|0 < ny +2mp + 303 < n), neN
= characteristic vector is (1,2,3), they form an infinite flag
PoCcPiC:---CPpC---

The flag is invariant with respect to weighted-projective
transformations:

T —T1+a

Ty —To + b17‘12 + by + b3

2
T3 —>7‘3+C17‘17‘2+C27‘13 + 3 + T + G571+ G
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The Hj3 integrable model
The h3) algebra

The H, integrable model
Conclusion

The H3 rational model
Algebraic form
Invariant polynomial spaces

Eigenfunctions and spectrum

One can find the spectrum of hy, explicitly:
€ky ko ks = 2w(k1 + 3ko +5k3) , ki =0,1,2,...
Degeneracy: ki1 + 3k 4 5ks = integer
The energies of the original Hamiltonian are
E=FE+c¢

Eigenfunctions ¢, ; of hy, are elements of pL23),

Eigenfunctions of H are

V=1 ¢ (factorization)
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The Hj3 integrable model
The A3 algebra
The H, integrable model

The Hj3 rational model
Algebraic form
Invariant polynomial spaces

Conclusion
en=20
oo =1, €0,0=10.
en=1
3
d)l’o:Tl—l—f(l—FlOU) , 61,0:2(‘).
2w
en=2
¢oo = TE— E(1 +6v)1 + 1—5(1 +6v)(1 + 10v)
’ w 42 ’
€0 = 4w,

€21

® (14 50)(1 + 61)rs

12
= T+ 5Td(l +50)1 — "

3
+$(1 +5v)(1+6v)(1+ 10v),

= bw.
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algebra of differential operators?

Can 73,(,1’2’3) be finite-dimensional representation spaces of a Lie
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The H3 integrable model Flag preserving operators

The A3 algebra Raising operators
The Hj integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form
3
The h®) algebra.
(1,2,3) o_a o o 0 0
Can P, be finite-dimensional representation spaces of a Lie

algebra of differential operators? Yes

We call this algebra h(3). It is infinite-dimensional but finitely
generated (30 operators).

Generating elements can be split in two classes:
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The H3 integrable model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

The h®) algebra.

Can 77,(,1’2’3) be finite-dimensional representation spaces of a Lie
algebra of differential operators? Yes

We call this algebra h(3). It is infinite-dimensional but finitely
generated (30 operators).

Generating elements can be split in two classes:

o First class: lowering and Cartan operators, they act on P, at
any n, infinite flag is preserved
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The H3 integrable model
The h(3) algebra
The H, integrable model

The h®) algebra.

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Can 77,(71’2’3) be finite-dimensional representation spaces of a Lie
algebra of differential operators? Yes

We call this algebra h(3). It is infinite-dimensional but finitely

generated (30 operators).

Generating elements can be split in two classes:

@ First class: lowering and Cartan operators, they act on P, at
any n, infinite flag is preserved

@ Second class: raising operators, a single space at a certain n is

preserved

Marcos A. G. Garcia

The quantum H3; and H, integrable systems



T =0, T = 0,

Tl(l) =701, T( ) = 202,
T1(3) =703, Tl(l) = 1205,
Mo, 1=,

Tl(g) = 117203

The first class generators consist of 13 first order operators

Té3)=63,
T(3)=T333,
1(::3_71637
TQ():T2637
«40>» «4F>» «E» « )



The H3 mtegrahle model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

Second and third order operators

plus 6 second order generators

Tz(ll) = 12011, T2( 3 = 12013, TSQ) = 13053,
T = 1301, T = 1300, T3 = 117300
and 2 third order generators
T(lll) = 130111, T3(222) = 7300

These 21 operators are generating elements of the flag-preserving
subalgebra of h(3)
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The H3 integrable model Flag preserving operators

The A3 algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

Second class (raising operators)

Define the auxiliary operator (which belongs to the first class)
Jo=7101 4+ 210> +3m305 — n
Raising generators consist of 8 operators of 1%, 2" and 3™ order

Jf_ = T]_JO 5 JZ*]. = 7—28]_.]0 s J‘;:,z - T382J0 )
J;_ = T2J0(Jo + 1) s J;:—ll = 130110, J;27_3 = 7_2283JO )
J;_ = T3J0(J0 —+ 1)(J0 + 2) , J?—:—l = 7—381JO(JO + 1)

h(3) is the infinite dimensional algebra of monomials in the 30 (22+8)
generating elements
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The H3 mtegrahle model Flag preserving operators

The A3 algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

Subalgebras of h(®)

Generating elements of h(3) can be grouped in 10 Abelian
subalgebras

3 3 3 3 (111)
L= {Té )a Tl( )> Tl(l)v Tl(li} — = {T J3+,—11aJ3Jf—17J§r}

R={T). TP T} — sm=(T". 5.5}
F={T3 15} — §={13".4_,)
E={TE). ) — e={157.45 4}
G={T} — ©={T5"}
and a closed subalgebra

B={TM 7D 1O 18 4o, 4}
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The H3 integrable model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

Commutation relations between commutative algebras:

[L,R] =0, [£,]] =0,

[La F]:07 [273]207

[L, E] = P2(R), (£, €] = P2(R),
[L,G] =0, [£,8] =0,
[R,F]=L, [R,3] = £,

[R,E] =0, [R, €] =0,

[R, G] = P2(F), [R, &] = P(5),
[F,E] = P2(Re& B), [3, €] = P(R @ B),
[F,G]=0, [, 8] =0,

[E, G] = Ps3(F @ B), [¢, 8] = P3(F @ B),

Marcos A. G. Garcia The quantum H3; and H, integrable systems



The H3 mtegrahle model
The h(3) algebra

The H, integrable model
Conclusion

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

[L, %] = P2(F @ B),
[L,§] = P(R® B),
[L, €] = P2(F),
[L,&] = P»(R & E),
(R3] =

[R, €] = P,(F @ B),

[R,®] =0,

[F. €] =

[F.®] = P,(E @ B),
[E, 8] =0,

Marcos A. G. Garcia

[£.R] = Px(3 @ B),
[£. F] = P(R & B),
[£, E] = P2(3),
[£.G] = P, (R €),
[R, F] =

[, E] = Px(§ & B),
[#, 6] =0,

[3, E]l =
[, G] = Px(¢ @ B),
[67 G] =0,

The quantum H3; and H, integrable systems



The H3 integrable model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

[La £] = P3(B)7 [R7£R] = P2(B)a [F,S] = ’D2(B)a
[E, €] = P3(B),  [G, 6] = P4(B)

Commutation relations between Abelian subalgebras and B:

[L,Bl]=L, [R,B]=R, [F,B]=F, [E,B]=E, [G,B]=G,
[£,B]=£, R,Bl=R, [§.B=35, [¢,B]l=¢, [6B]=6
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The H3 integrable model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

Commutation relations between generators of B:

7, T =1, Y, TP =0, 73, 1371 =0,
[T k=7, [T 1=+ 5n, [T, TP)=0,
T, 1P =0, [TV, 4] =0, [T, 4= g
TP, 71 =0, [T k=0, (72,51 =0,
7, ol=0, (TP, 41=0, o, ] = Jf

Correspond to
B=gl,d R(2)
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The H3 mtegrahle model Flag preserving operators

The h3) algebra Raising operators
The H, integrable model Commutation relations
Conclusion The Hamiltonian in algebraic form

The hy, Hamiltonian (Lie algebraic form)

Lie algebraic form for hy;:

4
by = 4TOTO 4 24T T 4 a0TOTH _ B 7270

5
45 _(22) , 32 2 32 64_3),
ST+ T T - - ST T
128 48

+ ET2(33) +(6+600) T — 4w T — = (1+50) 7@

— 1207 — ?—5(2 +50) T — 20w T
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The Hj3 integrable model
The A algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The H, integrable model

The Hy rational Hamiltonian is

4
1 82 g
k=1

28
+
p2 yz:,;o 1 [+ (—1)#2xe + (—1)Fsxs + (—1)xa]?

2g
+ )
{I%:/} ng:O ; [ LMpx; + (—1)#20_xx + 0 - x/]?

where {i,j, k,I} = {1,2,3,4} and all even permutations. The
coupling constant is

1++5
2

1
g:u(y—1)>—1, and @4 =
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The Hj3 integrable model

The A algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The Hamiltonian is invariant wrt the Hy Coxeter group, which is
the symmetry group of the 600-cell. This group is a subgroup of
O(4) and has order 14400

The Hamiltonian is symmetric with respect to the transformation

XI.%XJI

P V-
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The Hj3 integrable model

The A algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The Hamiltonian is invariant wrt the Hy Coxeter group, which is
the symmetry group of the 600-cell. This group is a subgroup of
O(4) and has order 14400

The Hamiltonian is symmetric with respect to the transformation

XI.%XJI
P V-

Configuration space is the domain in R* where (a - x) > 0 with
a > 0.
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The Hj3 integrable model

The h(3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The ground state function and its eigenvalue are

4
Wo = AYAYAY exp —%fo . Eo=2w(1+30v)
k=1

where

4
A1 = H Xk
k=1

Ay = H [x1 4 (—1)"2xp 4+ (—1)"3x3 + (—1)"xq],
12,3,4=0,1

= I II &+ Do+ (120 x+0-x].

{’Jka} MLQ 071
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To obtain the algebraic form one proceeds analogously to Hs:

o Make a gauge rotation of the Hamiltonian:

hh, = —2(Wo)  (Hu, — Eo)(Vo) -

«4O0> «Fr» «E» «E» 12NN Ee



The Hj3 integrable model

The h(3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The algebraic form of the Hamiltonian

To obtain the algebraic form one proceeds analogously to Hs:

o Make a gauge rotation of the Hamiltonian:
hr, = —2(Wo) ™ (Hp, — Eo)(Vo) -

o Consider the fundamental weights of Ay, and their orbits €2

weight vector orbit size
w1 = (070707 2994—) 120
wr=(1,¢2,0,4) 600

w3 = (Oa‘ro-kv]-a(lgi_ 1) 720
W4 = (072(104-’072803») 1200

Marcos A. G. Garcia The quantum H3; and H, integrable systems



@ Choose the shortest orbit and average

()= 3 (w-x)?

we
a=2,12,20,30 are the degrees of the Hy group.

«4O0> «Fr» «E» «E» 12NN Ee



The Hj3 integrable model

The h3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

@ Choose the shortest orbit and average

() = 3 (w-x)’

we
a=2,12,20, 30 are the degrees of the Hy group.
@ The invariants are defined ambiguously

th — o
tip — tio + 1 tS
tho — t20 + aztgtlz + 0431“210

t30 — t30 + Qutstag + aststs, + agtytis + azts®

Marcos A. G. Garcia The quantum H3 and H, integrable systems



The Hj3 integrable model

The h(3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

@ Choose the shortest orbit and average
fa(x) = > (w-x)
we

a=2,12,20, 30 are the degrees of the Hy group.
@ The invariants are defined ambiguously

th — o
tio — tiot+ o tS
trg — t20 + a2t§t12 alx 0431“210
5 3,2 9 15
t30 — t30 + qatstro + a5ty tir + aetstio + azts

@ We look for parameters «; such that
» the Hamiltonian hy, has an algebraic form
» has infinitely-many invariant subspaces in polynomials
» these subspaces form a flag
» the flag is minimal

Marcos A. G. Garcia The quantum H3 and H, integrable systems



The Hj3 integrable model

The h3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

Those variables are

71 t:
1 = 2

60(3 + V/5)

1 6
T2 = — tio — b
1680(161 + 72/5) ( )

o 1 (t 43510 4 41701t10>
3~ 20020(15127 + 6765v5) \ 2° ~ 1809 22T 1g0g 2
1 ( 17583778485 5
480480(930249 + 4160201/5) \ 146142376 2 °°
313009515 ; , 22081114965 o 798259915667 ;5
—eaana 22 T ——rorony R t12 — 5o, B2
15383408 7691704 202284752

T4 =
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The Hj3 integrable model

The A3 algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The Hamiltonian takes the algebraic form

4 82 4 8

h Aji B

Hy Z ”67’;87’1 + JaTJ

ij=
with

Al =41,
A =241,
A13 =40 T3 ,
A4 =60 74 ,
Ax» =88 1ym3+ 8 7157'2 ,
A23 =—4 7'137'22 +24 7'157'3 —8 T4
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The Hj3 integrable model

The h3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

Acg = 10 7273 4 60 11173 + 40 7974 — 600 75 |

38 8
Aszz = -3 717'23 + 28 7'137'27'3 —3 Tf7'4 ,

Aszq = 210 727273 4 60 Timo74 — 180 Tng? +30 735,
Agqa = —2175 7'17237'3 — 4507’127'227'4 — 1350 7'137'27'3? — 600 TfT3T4 ,
By =8+ 240v — 4wy
By = 12(1 + 10v) 75 — 24wy ,
Bz = 20(1 + 6v) 737 — 40wTs
By = 15(1 — 30v) 7273 — 450(1 + 2v) 73713 — 60wy .

Marcos A. G. Garcia The quantum H3; and H, integrable systems



The Hj3 integrable model

The A3 algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

Configuration space

In 7's the configuration space boundary is an algebraic surface of
degree 18 (degree 120 in x)

64 711573 + 1440 7114727373 + 10800 71137227574 + 27000 7112723733
— 240 7127372 — 3600 115 T34 — 13500 10752 + 34992 71073

— 1440 7—1107-327—3 + 300 7?7267'4 — 2160 7197'27‘3?7'4 — 1440 7'19"'273

+ 2250 787] 73 — 22680 TET2r5 — 28080 TETiT37? — 203760 ! TaTETs
— 125 7079 — 493020 727573 + 3600 TP 752 + 57780 T3 T3 T3 Ts

— 8640 7 7374 + 4320 Ty 3Ty + 221310 Ty TSTZ — 648000 71 o7y

+ 116640 71 Ty 272 — 4680 ToT4 T4 + 712800 TiTa T34 + 6480 TP TATS

— 35640 727573 + 2052000 T2 TSy + 62640 LT3 T3T2 + 259200 Ty o T2 Ty
+ 1944 72° + 120600 7573 + 2592 7572 + 2160000 5 — 86400 7377

+864 7, =0
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The algebraic operator hyy, preserves subspaces
,P(l 58,12)

ny_ny _n3__ng
= (1{'75°73° 7,

|0 < ni+5n+8n3+12n4 < n) ,

neN
= characteristic vector is (1,5,8,12), they form flag

«0)>» «Fr» «E>» « E)» nae



The Hj3 integrable model

The A algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

The flag is invariant with respect to weighted-projective
transformations:

1
T2

T3

T4

|

1+ a,
7'2—|—b17'ir’+b27f+b37'13+b4712+b5n+b5,
T3+C1T137'2+C2T12T2+C37'1T2+C47’2+C57‘f+€67'17
—l—C77'16+C871r’+C97'f+C107'13+C117'12+C1271 + a3,
T4 + db Tf73 + do 7137'3 + d3 7'127'3 + dy 173 + d5 T3

+ de 7'177'2 + dy Tf’rz + dg 7'157'2 + dy Tng + dio Tng

+ di1 72 + dip 11T + di3 T2 + dia T + dis T

+ dhe 710 + di7 Ty + dig T2 + dig T + doo T + o1 7T

+ doo 7} + do3 TP + dog T + dos Ty + dog

Marcos A. G. Garcia The quantum H3; and H, integrable systems



The Hj3 integrable model

The h3) algebra Algebraic form
The H, integrable model Invariant polynomial spaces
Conclusion

Eigenfunctions and spectrum

Spectrum of hy,:
€y ko ky ks = 2w (k1 + 6ky + 10ks + 15ks) , ki =0,1,2,...
Degeneracy: ki + 6ky + 10k3 + 15k, = integer
The energies of the original Hamiltonian are
E=FE+c¢

Eigenfunctions ¢, ; of hy, are elements of 77,(,1’5’8’12).

Eigenfunctions of Hy, are

V=10 (factorization)

Marcos A. G. Garcia The quantum H3 and H, integrable systems



poo =1,

€, =0
2
¢1,0=7’1—;(1—|—301/) , €10 =2w.
e n=2:

$20 = le—g(1+201/)7'1+%(1+201/)(1+301/) ,

€,0=4w.
«40>» «F>» «E» «E» = Q>




The Hj3 integrable model
The h(3) algebra

The H, integrable model
Conclusion

Conclusion

@ Algebraic forms for the H3z and H, rational model exist. They
act on the spaces of polynomials 73,(,1’2’3) and 73,(,1’5’8’12).

Eigenfunctions are elements of the respective spaces.

@ The hidden algebra of the H3 model is the h(3) algebra, which
has infinite dimension but is finitely generated

@ It is possible to construct an isospectral discrete model and a
quasi-exactly-solvable generalization for both models.

@ An integral of motion exists for each model exists. It has an
algebraic form in 7 variables. Other integral(s) of motion has
not been found yet.

Marcos A. G. Garcia The quantum H3; and H, integrable systems



T1 :X]?_|_X22+X§’

3 3
=77 (O + x5 +x3) + E(Z —504) (63 + xBxd + x2xd)

| 9
+ E(2 —5p_) (x4 + X3¢ + x2x5) — = (xxix

3,

«O> «<F> «E=E>» «=H» o



The Hj3 integrable model
The A3 algebra

The H, integrable model
Conclusion

2 2
3= —— (X0 +5° +x3°) + = (1 +50_) (5 + x3x5 + x5x7)

125 25

t o (14 501) (455 + 554 + x552)
4

At (1= 5p0) (ot + 38+ x8xd)
4

A 5 (08 + i+ )
112 6 2 0 6,22, 6.2.2

o5 (Xx3x5 +x3x5x7 +X3x1%3)
212
22 (et + it + rdod).
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