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Stochastic Particle Production
Consider Nf coupled (scalar) fields. Assume the evolution of fluctuations contains localized
non-adiabatic events with random strengths at random intervals, and that the fields are
otherwise free [

1 ∂2
τ + ω2 +ms(τ)

]
· χ(τ,k) = 0 , ω2

a = k2 + m2
a

Marcos A. G. García Olivefest, 05/17



Stochastic Particle Production
Consider Nf coupled (scalar) fields. Assume the evolution of fluctuations contains localized
non-adiabatic events with random strengths at random intervals, and that the fields are
otherwise free [

1 ∂2
τ + ω2 +ms(τ)

]
· χ(τ,k) = 0 , ω2
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Mj

After the j-th event,

χa
j (τ) ≡
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2ωa
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]
· χ(τ,k) = 0 , ω2

a = k2 + m2
a

M(j)

M(j) = MjMj−1 · · ·M1

After the j-th event,

χa
j (τ) ≡

1√
2ωa

[
βa

j eiωaτ + αa
j e−iωaτ

]
,

(
βj
αj

)
= M(j)

(
β0
α0

)

Marcos A. G. García Olivefest, 05/17



Stochastic Particle Production
Consider Nf coupled (scalar) fields. Assume the evolution of fluctuations contains localized
non-adiabatic events with random strengths at random intervals, and that the fields are
otherwise free [

1 ∂2
τ + ω2 +ms(τ)

]
· χ(τ,k) = 0 , ω2

a = k2 + m2
a

n(j)

A random walk (with drift) for the occupation number

na(j) =
1

2ωa

(
|χ̇a

j |2 + ω2
a |χa

j |2
)
− 1

2 = |βa
j |2
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Stochastic Particle Production

Randomness and non-adiabaticity are encoded in M.
A probability distribution can be defined, P(M; τ)

τ δτ

M1 M2

If the processes in the τ and δτ strips are uncorrelated, the distribution for M ≡ M2M1 satisfies

P(M; τ + δτ) =

∫
dµ(M2)P(M−1

2 M; τ)P(M2; δτ)

⇒ Markovian evolution.
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Randomness and non-adiabaticity are encoded in M.
A probability distribution can be defined, P(M; τ)

τ δτ

M1 M2

If the processes in the τ and δτ strips are uncorrelated, the distribution for M ≡ M2M1 satisfies

P(M; τ + δτ) =

∫
dµ(M2)P(M−1

2 M; τ)P(M2; δτ)

⇒ Markovian evolution. Moreover, as δτ/τ −→ 0,

∂τP(M; τ) = −∂M

[
⟨δM⟩M2

δτ
P(M; τ)

]
+

1
2!∂

2
M

[
⟨δM2⟩M2

δτ
P(M; τ)

]
+ . . .

(Fokker-Planck)
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Stochastic Particle Production

A general transfer matrix can be parametrized as

M =

(
u 0
0 u∗

)(√
1 + n

√
n√

n
√

1 + n

)(
v 0
0 v∗

)
where u, v ∈ U(Nf), and n = diag(n1,n2, · · · ) ⇒ Nf(2Nf + 1) variables in FP equation!
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Stochastic Particle Production

A general transfer matrix can be parametrized as

M =

(
u 0
0 u∗

)(√
1 + n

√
n√

n
√

1 + n

)(
v 0
0 v∗

)
where u, v ∈ U(Nf), and n = diag(n1,n2, · · · ) ⇒ Nf(2Nf + 1) variables in FP equation!

Is it possible to derive universal or quasi-universal results?

The Maximum Entropy Ansatz

Assume the building block P maximizes the Shannon entropy

S[P] = −
∫

P(M2; δτ) lnP(M2; δτ) dµ(M2)

subject to the constraints:

• The local mean particle production rate is known and fixed, µj ≡
1

Nf

⟨nj⟩δτ
δτ

• Coarse-grained continuity, Mτ+δτ
δτ→0−−−−→ Mτ
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Stochastic Particle Production

Consequences (Mello, Pereyra, Kumar 1988; Amin, Baumann 2016):

1 P is independent of u,

dP({u,n, v}) = P({n, v}) dµ(u)

2 The marginal distribution
∫

P({n, v}) dµ(v) satisfies the Fokker-Planck equation

1
µ

∂

∂τ
P(na; τ) =

Nf∑
a=1

(1 + 2na) +
1

Nf + 1
∑
b ̸=a

na + nb + 2nanb

na − nb

 ∂P
∂na

+
2

Nf + 1

Nf∑
a=1

na(1+na)
∂2P
∂n2

a

3 A closed set of equations for the moments of n =
∑

a na can be obtained. It implies

∂τ ⟨ln(1 + n)⟩ τ→∞−−−−→ 2Nf

Nf + 1 µ

∂τVar[ln(1 + n)] τ→∞−−−−→ 4
Nf + 1 µ

i.e. exponential growth for the occupation number
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Exact Results
Consider the approximation

ms
ab(τ) = 2√ωaωb

Ns∑
j=1

Λab(τj)δ(τ − τj) ,

where τj are uniformly distributed, and

⟨Λab⟩ = 0, ⟨ΛabΛcd⟩ = σ2
ab(δacδbd + δadδbc)

The transfer matrix takes the form

Mj = 1 + i
(
a∗j 0
0 aj

)(
Λj Λj
−Λj −Λj

)(
aj 0
0 a∗j

)
︸ ︷︷ ︸

mj

, aj ≡ diag(eiω1τj , eiω2τj , · · · )
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Exact Results
Consider the approximation

ms
ab(τ) = 2√ωaωb

Ns∑
j=1

Λab(τj)δ(τ − τj) ,

where τj are uniformly distributed, and

⟨Λab⟩ = 0, ⟨ΛabΛcd⟩ = σ2
ab(δacδbd + δadδbc)

The transfer matrix takes the form

Mj = 1 + i
(
a∗j 0
0 aj

)(
Λj Λj
−Λj −Λj

)(
aj 0
0 a∗j

)
︸ ︷︷ ︸

mj

, aj ≡ diag(eiω1τj , eiω2τj , · · · )

Will focus on the total occupation number. Define R = MM† :

n(j) =
1
4Tr

[
M(j)M†(j)− 1

]
≡ 1

4Tr [R(j)− 1]
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Exact Results

Algorithm:

1 Parametrize R

R =

(
u 0
0 u∗

)(
f f̃
f̃ f

)(
u† 0
0 uT

)
,

f = 2n+ 1

f̃ =
√

f 2 − 1

2 Solve for first and second order perturbations in terms of previous value of R

R(j + 1) = R(j) + δR ,

δR = R(j)m†
j+1 + h.c.+mj+1R(j)m†

j+1 .

3 Calculate correlators

⟨δf (1)
a δf (1)

b ⟩δτ = 2̃fa f̃b
∑
c,d

σ2
cd

(
u†

acu†
aducbudb + u†

bcu†
bducauda

)

4 Write and solve the FP equation
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Exact Results

Single field

Only two parameters, f and u = eiϕ . Computation is straightforward,

⟨δf (1)δf (1)⟩ = 2̃f 2σ2

⟨δf (1)δϕ(1)⟩ = 0

⟨δϕ(1)δϕ(1)⟩ = σ2

2̃f 2
(2̃f 2 + f 2)

⟨δf (2)⟩ = 2fσ2

⟨δϕ(2)⟩ = 0
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⟨δf (1)δf (1)⟩ = 2̃f 2σ2

⟨δf (1)δϕ(1)⟩ = 0

⟨δϕ(1)δϕ(1)⟩ = σ2

2̃f 2
(2̃f 2 + f 2)

⟨δf (2)⟩ = 2fσ2

⟨δϕ(2)⟩ = 0

No ϕ dependence! ⇒ maximum entropy

The FP equation is
1
σ2

∂

∂τ
P(f ; τ) = ∂

∂f

[
(f 2 − 1) ∂

∂fP(f ; τ)
]
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Exact Results

Single field

Only two parameters, f and u = eiϕ . Computation is straightforward,

⟨δf (1)δf (1)⟩ = 2̃f 2σ2

⟨δf (1)δϕ(1)⟩ = 0

⟨δϕ(1)δϕ(1)⟩ = σ2

2̃f 2
(2̃f 2 + f 2)

⟨δf (2)⟩ = 2fσ2

⟨δϕ(2)⟩ = 0

No ϕ dependence! ⇒ maximum entropy

The FP equation is
1
σ2

∂

∂τ
P(n; τ) = ∂

∂n

[
n2 ∂

∂nP(n; τ)
]

with solution

P(n; τ) dn =
1√

4πσ2τ
exp

[
− (lnn − σ2τ)2

4σ2τ

]
d lnn
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Exact Results

Single field

Only two parameters, f and u = eiϕ . Computation is straightforward,

⟨δf (1)δf (1)⟩ = 2̃f 2σ2

⟨δf (1)δϕ(1)⟩ = 0

⟨δϕ(1)δϕ(1)⟩ = σ2

2̃f 2
(2̃f 2 + f 2)

⟨δf (2)⟩ = 2fσ2

⟨δϕ(2)⟩ = 0

No ϕ dependence! ⇒ maximum entropy

The FP equation is
1
σ2

∂

∂τ
P(n; τ) = ∂

∂n

[
n2 ∂

∂nP(n; τ)
]

with solution

P(n; τ) dn =
1√

4πσ2τ
exp

[
− (lnn − σ2τ)2

4σ2τ

]
d lnn

⇒ n = eσ
2τ − 1
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Exact Results
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Exact Results

Two fields

Six parameters now, f1 , f2 and

u(ϕ, θ, ψ, φ) = e−
i
2ϕ

[
cos θ2 e− i

2 (φ+ψ) − sin θ
2 e− i

2 (φ−ψ)

sin θ
2 e i

2 (φ−ψ) cos θ2 e i
2 (φ+ψ)

]
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Exact Results

Two fields

Six parameters now, f1 , f2 and

u(ϕ, θ, ψ, φ) = e−
i
2ϕ

[
cos θ2 e− i

2 (φ+ψ) − sin θ
2 e− i

2 (φ−ψ)

sin θ
2 e i

2 (φ−ψ) cos θ2 e i
2 (φ+ψ)

]

⇒ need 27 correlators

Let

⟨(Λ11)
2⟩δτ = σ2

1 , ⟨(Λ22)
2⟩δτ = σ2

2 , ⟨(Λ12)
2⟩δτ = ⟨(Λ12)

2⟩δτ = σ2
⊥ .
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Exact Results

Two fields

Six parameters now, f1 , f2 and

u(ϕ, θ, ψ, φ) = e−
i
2ϕ

[
cos θ2 e− i

2 (φ+ψ) − sin θ
2 e− i

2 (φ−ψ)

sin θ
2 e i

2 (φ−ψ) cos θ2 e i
2 (φ+ψ)

]

⇒ need 27 correlators

⟨δf (1)
1 δf (1)

1 ⟩ = f̃ 2
1 γ1(θ),

⟨δf (1)
1 δf(1)

2 ⟩ = 2̃f1 f̃2 cos(2ψ) γ3(θ),

⟨δf (1)
1 δθ(1)⟩ = − 2̃f1

∆f

[̃
f1 + f̃2 cos(2ψ)

]
γ4(θ),

⟨δf (1)
1 δψ(1)⟩ = − f̃1 sin (2ψ)

(
f2

f̃2
γ3(θ)− 2 f̃2

∆fγ4(θ) cot θ

)
,

⟨δf (1)
1 δφ(1)⟩ = − 2 f̃1 f̃2

∆f sin(2ψ)γ4(θ) csc θ,

⟨δf (1)
1 δϕ(1)⟩ = f̃1

f2

f̃2
sin(2ψ)γ3(θ),

⟨δf (1)
2 δf (1)

2 ⟩ = f̃ 2
2 γ2(θ),

⟨δf (1)
2 δθ(1)⟩ = − 2̃f2

∆f

[̃
f2 + f̃1 cos(2ψ)

]
γ5(θ),

⟨δf (1)
2 δψ(1)⟩ = − f̃2 sin (2ψ)

(
f1

f̃1
γ3(θ)− 2 f̃1

∆fγ5(θ) cot θ

)
,

⟨δf(1)
2 δφ(1)⟩ = − 2 f̃1 f̃2

∆f sin(2ψ)γ5(θ) csc θ,

⟨δf(1)
2 δϕ(1)⟩ = − f̃2

f1

f̃1
sin(2ψ)γ3(θ),

⟨δθ(1)δθ(1)⟩ = 2σ2
⊥ +

1
∆f2

(̃
f2
1 + f̃2

2 + 2̃f1 f̃2 cos(2ψ)
)
γ6(θ),

⟨δθ(1)δψ(1)⟩ = 1
∆f

[
f1 f̃2

f̃1
γ4(θ) +

f̃1f2

f̃2
γ5(θ)

]
sin(2ψ)− cos θ ⟨δθ(1)δφ(1)⟩,

⟨δθ(1)δφ(1)⟩ = 2̃f1 f̃2 sin(2ψ)
∆f2 γ6(θ) csc θ,

⟨δf (2)
1 ⟩ = 1

∆f

[̃
f 2
1 l1(θ)− (f1f2 − 1)l3(θ)

]
,

⟨δθ(1)δϕ(1)⟩ = 1
4∆f

[(
f1

f̃2

f̃1
− f2

f̃1

f̃2

)
(σ2

1 − σ2
2) sin θ + 4

(
f1

f̃2

f̃1
+ f2

f̃1

f̃2

)
cot θγ3(θ)

]
sin(2ψ)

⟨δψ(1)δψ(1)⟩ = 1
4

[(
f1

f̃1

)2
γ1(θ) +

(
f2

f̃2

)2
γ2(θ)

]
− f1f2

f̃1 f̃2
γ3(θ) cos(2ψ) + cos2 θ

(
σ2

1 + σ2
2

)
+ 2 sin2 θσ2

⊥ − cos θ
(

2 ⟨δψ(1)δφ(1)⟩+ cos θ ⟨δφ(1)δφ(1)⟩
)
,

⟨δψ(1)δφ(1)⟩ = − 1
∆f

(
f1 f̃2

f̃1
γ4(θ) +

f̃1f2

f̃2
γ5(θ)

)
csc θ cos(2ψ) + f1 + f2

4∆f

(
σ2

1 − σ2
2

)
+

[
5
4

(
σ2

1 + σ2
2

)
− 3σ2

⊥

]
cos θ − cos θ ⟨δφ(1)δφ(1)⟩,

⟨δψ(1)δϕ(1)⟩ = 1
2

(
f2
1

f̃2
1
− f2

2

f̃2
2

)[
1
2

(
σ2

1 + σ2
2

)
− γ3(θ)

]
+

[
1 +

1
4

(
f2
1

f̃2
1
+

f2
2

f̃2
2

)]
(σ2

1 − σ2
2) cos θ − ⟨δφ(1)δϕ(1)⟩ cos θ,

⟨δφ(1)δφ(1)⟩ =
(
σ2

1 + σ2
2

)
+ 2 cot2 θ σ2

⊥ +
1

∆f2

[̃
f2
1 + f̃2

2 − 2̃f1 f̃2 cos(2ψ)
]
γ6(θ) csc

2 θ,

⟨δφ(1)δϕ(1)⟩ = 1
∆f

[
f1 + f2 −

(
f̃1

f2

f̃2
+ f̃2

f1

f̃1

)
cos(2ψ)

]
cot θ csc θγ3(θ) +

1
4∆f (σ

2
1 − σ2

2)

[
5(f1 − f2) +

(
f̃1

f2

f̃2
− f̃2

f1

f̃1

)
cos(2ψ)

]
,

⟨δϕ(1)δϕ(1)⟩ =
(
σ2

1 + σ2
2

)(
1 +

1
4

(
f2
1

f̃2
1
+

f2
2

f̃2
2

))
+
(
σ2

1 − σ2
2

) 1
4

(
f2
1

f̃2
1
− f2

2

f̃2
2

)
cos θ − 1

2

[
f2
1

f̃2
1
+

f2
2

f̃2
2
− 2 f1

f̃1

f2

f̃2
cos(2ψ)

]
γ3(θ),

⟨δf (2)
2 ⟩ = − 1

∆f

[̃
f 2
2 l2(θ)− (f1f2 − 1)l4(θ)

]
,

⟨δθ(2)⟩ = − (f1 + f2)

∆f

(
σ2

1 − σ2
2

)
sin θ − 1

2 sin(2θ)
(
σ2

1 + σ2
2 − 3σ2

⊥

)
+

1
∆f

(
⟨δf(1)

2 δθ(1)⟩ − ⟨δf(1)
1 δθ(1)⟩

)
+

1
4 sin (2θ)⟨δφ(1)δφ(1)⟩,

⟨δψ(2)⟩ = 1
8

(
f̃1

f̃2
+

f̃2

f̃1

)(
σ2

1 + σ2
2 − 2σ2

⊥

)
sin2 θ sin (2ψ)− 1

2

(
f1

f̃2
1
⟨δf(1)

1 δϕ(1)⟩ − f2

f̃2
2
⟨δf(1)

2 δϕ(1)⟩

)
− 1

2

(
f1

f̃2
1
⟨δf(1)

1 δψ(1)⟩+ f2

f̃2
2
⟨δf(1)

2 δψ(1)⟩

)

− 1
2

(
f1

f̃2
1
⟨δf(1)

1 δφ(1)⟩+ f2

f̃2
2
⟨δf(1)

2 δφ(1)⟩

)
cos θ +

1
2 sin θ ⟨δθ(1)δφ(1)⟩ − cos θ⟨δφ(2)⟩

− 1
2

(
f̃1

f̃2
− f̃2

f̃1

)[
1
4

(
⟨δφ(1)δφ(1)⟩ sin2 θ − ⟨δθ(1)δθ(1)⟩

)
sin 2ψ +

1
2 ⟨δφ

(1)δθ(1)⟩ sin θ cos 2ψ
]
,

⟨δφ(2)⟩ = 1
∆f

(
⟨δf(1)

2 δφ(1)⟩ − ⟨δf(1)
1 δφ(1)⟩

)
− cot θ ⟨δθ(1)δφ(1)⟩ ,

⟨δϕ(2)⟩ = 0
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Exact Results

Two fields

Six parameters now, f1 , f2 and

u(ϕ, θ, ψ, φ) = e−
i
2ϕ

[
cos θ2 e− i

2 (φ+ψ) − sin θ
2 e− i

2 (φ−ψ)

sin θ
2 e i

2 (φ−ψ) cos θ2 e i
2 (φ+ψ)

]

Solution of full FP equation can be bypassed,

∂τ ⟨ln(1 + n)⟩ =
⟨

1
2(1 + n)

Nf∑
a=1

⟨δfa⟩δτ
δτ

−
1

8(1 + n)2

Nf∑
a,b=1

⟨δfaδfb⟩δτ
δτ

⟩
τ→∞−−−−→

⟨
l(θ)− 1

2
γ(θ)

⟩
with

γ(θ) = 2
[
cos4

(
θ
2

)
σ2

1 + sin4
(
θ
2

)
σ2

2 + 4 sin2
(
θ
2

)
cos2

(
θ

2

)
σ2
⊥

]
l(θ) = 2

[
cos2

(
θ
2

)
σ2

1 + sin2
(
θ
2

)
σ2

2 + σ2
⊥

]
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Two fields

Six parameters now, f1 , f2 and

u(ϕ, θ, ψ, φ) = e−
i
2ϕ

[
cos θ2 e− i

2 (φ+ψ) − sin θ
2 e− i

2 (φ−ψ)

sin θ
2 e i

2 (φ−ψ) cos θ2 e i
2 (φ+ψ)

]

Solution of full FP equation can be bypassed,

∂τ ⟨ln(1 + n)⟩ =
⟨

1
2(1 + n)

Nf∑
a=1

⟨δfa⟩δτ
δτ

−
1

8(1 + n)2

Nf∑
a,b=1

⟨δfaδfb⟩δτ
δτ

⟩
τ→∞−−−−→

⟨
l(θ)− 1

2
γ(θ)

⟩
with ∫

P df dϕ dφ dψ =
1
N

sin θ

Q sin2 θ + 1
exp

[
2ν arctanh

(√
Q

1 + Q
cos θ

)]

Q =
σ2

1 + σ2
2 − 4σ2

⊥
8σ2

⊥
, ν =

|σ2
1 − σ2

2 |
8σ2

⊥
√

|Q|(1 + Q)
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⟨nj⟩δτ
δτ = 2

3

⟨
Tr Λ2

j

⟩
δτ
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3
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σ2

1 + σ2
2 + 2σ2

⊥
)
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Exact Results
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2
3

⟨nj⟩δτ
δτ = 2

3

⟨
Tr Λ2

j

⟩
δτ

= 2
3
(
σ2

1 + σ2
2 + 2σ2

⊥
)

∂τ ⟨ln(1 + n)⟩ = 2σ2

dP(ϕ, θ, φ, ψ) = 1
2 sin θ dϕ dθ dφ dψ︸ ︷︷ ︸

dµ[U(2)]

MEA↔ Λ-isotropy
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Exact Results

Nf fields

Nf(Nf + 1) parameters now, f1, f2, . . . , fNf and (Tilma, Sudarshan 2002)

u =

 ∏
2⩽k⩽N

A(k)

 · [SU(N− 1)] · eiλN2−1αN2−1 , A(k) = eiλ3α(2k−3)eiλ
(k−1)2+1α2(k−1)
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Exact Results

Nf fields

Nf(Nf + 1) parameters now, f1, f2, . . . , fNf and (Tilma, Sudarshan 2002)

u =

 ∏
2⩽k⩽N

A(k)

 · [SU(N− 1)] · eiλN2−1αN2−1 , A(k) = eiλ3α(2k−3)eiλ
(k−1)2+1α2(k−1)

⇒ need O(Nf
4) correlators! Assume

σ2 =


σ2

1/2 σ2
⊥ · · · σ2

⊥
σ2
⊥ σ2

2/2 · · · σ2
⊥

...
...

. . .
...

σ2
⊥ σ2

⊥ · · · σ2
2/2



⇒ Results depend only on the angle θ = α2(Nf−1) and

F(ΩNf ) = F(ΩNf−1) cos
4(α2(Nf−2)/2) + sin4(α2(Nf−2)/2)

with F(Ω2) = 1
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Exact Results

Nf fields

Nf(Nf + 1) parameters now, f1, f2, . . . , fNf and (Tilma, Sudarshan 2002)

u =

 ∏
2⩽k⩽N

A(k)

 · [SU(N− 1)] · eiλN2−1αN2−1 , A(k) = eiλ3α(2k−3)eiλ
(k−1)2+1α2(k−1)

⇒ need O(Nf
4) correlators! Assume

σ2 =


σ2

1/2 σ2
⊥ · · · σ2

⊥
σ2
⊥ σ2

2/2 · · · σ2
⊥

...
...

. . .
...

σ2
⊥ σ2

⊥ · · · σ2
2/2



∂τ ⟨ln(1 + n)⟩ =

⟨
l(θ)− 1

2
γ(θ,ΩNf )

⟩
l(θ) = 2

[
σ2

1 cos2(θ/2) + σ2
2 sin2(θ/2) + σ2

⊥(Nf − 1)
]

γ(θ,ΩNf ) = 2
[
σ2

1 cos4(θ/2) + σ2
2 sin4(θ/2)FΩ + 2σ2

⊥
(
1 − cos4(θ/2)− sin4(θ/2)FΩ

)]
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Exact Results
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1.4

Nf = 3

2
Nf+1

[
σ2

1 + (Nf − 1)σ2
2 + Nf(Nf − 1)σ2

⊥
]

∂τ ⟨ln(1 + n)⟩ = Nfσ
2

w(θ) ∝ cos(θ/2) sin(θ/2)2Nf−3︸ ︷︷ ︸
dµ[U(Nf)]
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Exact Results
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Conclusion

Conclusion

• Avoid relying on detailed model building, and take a coarse grained approach to
the particle production in the early universe

• MEA captures the universal features arising from a Central Limit Threorem
(concentration of measure)…

• …as long as there’s no hierarchy of couplings

• Break from weak scattering limit ⇒ Random Matrix Theory?

• Next: include expansion and metric perturbations
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Conclusion

Conclusion

• Avoid relying on detailed model building, and take a coarse grained approach to
the particle production in the early universe

• MEA captures the universal features arising from a Central Limit Threorem
(concentration of measure)…

• …as long as there’s no hierarchy of couplings

• Break from weak scattering limit ⇒ Random Matrix Theory?

• Next: include expansion and metric perturbations

Thank you
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