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@ The Hamiltonian Reduction method provides an opportunity
to construct non-trivial multidimensional completely
integrable quantum Hamiltonians.
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@ The Hamiltonian Reduction method provides an opportunity
to construct non-trivial multidimensional completely
integrable quantum Hamiltonians.

@ These Hamiltonians are associated to the root spaces of the
classical (An, Bn, Cp, Dy) and exceptional (G, Fa, Es738) Lie

algebras
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Rational integrable systems

@ The Hamiltonian Reduction method provides an opportunity
to construct non-trivial multidimensional completely
integrable quantum Hamiltonians.

@ These Hamiltonians are associated to the root spaces of the
classical (An, Bn, Cp, Dy) and exceptional (G, Fa, Es738) Lie
algebras

@ In the case of rational potentials one can also construct
Hamiltonians associated with the noncrystallographic systems
Hs, Hy and k(m) (Olshanestky-Perelomov, '75)
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@ Algebraic expressions of quantum Hamiltonians for all
crystallographic root systems have been found for both
rational and trigonometric cases (A. Turbiner et al., 1997 -
2009)
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@ Algebraic expressions of quantum Hamiltonians for all
crystallographic root systems have been found for both
rational and trigonometric cases (A. Turbiner et al., 1997 -
2009)

@ The eigenfunctions can be obtained explicitly as polynomials
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@ Algebraic expressions of quantum Hamiltonians for all
crystallographic root systems have been found for both
rational and trigonometric cases (A. Turbiner et al., 1997 -
2009)

@ The eigenfunctions can be obtained explicitly as polynomials

@ The spectrum can be found in a closed form as a polynomial
in the quantum numbers
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The Hamiltonian in the rational case is

—

" N [ 52 P 2] N 1 Z | |2 1
A= 5 T2 Y k| TS 8lof 1Y T2
2 p Oxg 2 ol (o~ x)

R4 = set of positive roots in the system A, rank(A) = N
w € R a parameter

8|a| coupling constants depending on the root length

x = (x1,X2,...,XN)
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The Hamiltonian in the rational case is

1 L[ &
Ha =3 [_(%qf +w Xk:| 5 Y &allal )

OéER+

R4 = set of positive roots in the system A, rank(A) = N
w € R a parameter

8|a| coupling constants depending on the root length

x = (x1,X2,...,XN)
Configuration space is the subspace of RV where
(a-x)>0

for any o € R+
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The goal is

@ To find a transformation x — 7 leading to algebraic form of
the Hamiltonian (if exists)

ha = ZA’J(T)(‘) 0 +ZB(7)
ij=1

where Ajj(7), Bj(7) are polynomials



P,

P2
T Ty -

(if exist) for

@ Find finite-dimensional invariant spaces for ha of a form
= (P

L TP0 < arpr +aopp + -+ arpr < )

n=0,1,2,..

ai,an,...,ap € ZT
They are classified by characteristic vector

a = (aq,az,

Q)
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@ Find finite-dimensional invariant spaces for ha of a form
P,* = (2. 7P 0 < oupr +copp + -+ arpr < 0
(if exist) for
n=0,1,2,... ai,oa...,a,€Z"
They are classified by characteristic vector
a=(ay,az,...,qp)
@ These spaces can be ordered by inclusion:
PoCPiCPrC---CPpC---

Such an object is called an infinite flag
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The H; rational model

The Hs rational Hamiltonian is

H? g
|:_aX2 +w Xk + Xl%:|

2g
" Z Z [xi + (=1)Mp4 x5 + (=1)F20_xi]?

where {/,j, k} = {1,2,3} and all even permutations. The coupling

constant is |
g=vlv—1)>—

and
_1++5

P+ 5
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Explicitly:

1
—_-A®
i 2 + 2

1

1 1
SWP0F +5 +x3) + sv(v - 1) L<2 +5+

2

1 1 1
X3

2 i X
1

2 -1
+ V(V ) (X1+§0+X2+g07X3)2

1

(X1 — X2 + p_x3)?
1

+
(X1 + oyx2 — p_x3)?
1

(x1 — X2 — p_x3)?
1 1
+

(%2 + p4x3 + ©_x1)?

+
(x2 — p1x3 4+ 0_x1)?
1

_|_
(x2 + @1x3 — p_x1)?
1 1

(X2 —P+X3 — SO—Xl)2

+ +
(st t+o-x)* (3= px+ep_x)?

1

(x3 — pyx1 — P_x2)?

+
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The Hamiltonian is invariant wrt the Hz Coxeter group, which is
the full symmetry group of the icosahedron.

The Hamiltonian is symmetric with respect to the transformation
Xj < X_l

Pt P
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The ground state function and its eigenvalue are

& 3
Zx,%) » Bo=Sw(l+10v)
k=1

Vo = ATAS exp <—

N €

where
3
Al = H Xk
k=1

Bo= T TI K+ 10+ (-1)*20-xd
{iJ,k} p1,2=0,1

«4O0> «Fr» «E» «E» 12NN Ee



Explicitly:

Vo = [x1 x2 x3]” x
[ + oix0 +0-x3) (1 — p1x2 + 9-x3) (X1 + X2 — p_x3)
(31 — pxe — p-x3) (2 + @4x3 + p-x1) (2 — p1X3 +p_x1)
(2 + p1x3 — p-_x1) (2 — p+x3 — p-x1) (X3 + px1 + P-x2)
(3 — px1 + p_x2) (X3 + pix1 — p—x2) (3 — px1 — p-_x2) |”

w
x exp | =20 +3 +3)]
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Configuration space

The configuration space is the
domain in R3 where x123 >0
bounded by the planes

X1:07 X3:07

X3+ pix1+@o_xo=0.

(the domain where (a-x) > 0).
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Make a gauge rotation of the Hamiltonian:

h = —2(Wo) "} (H — Eo)(Wo)
New spectral problem arises

he(x) = —2e¢(x)

with spectral parameter e = E — Ej
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Make a gauge rotation of the Hamiltonian:

h = —2(Wo) "} (H — Eo)(Wo)
New spectral problem arises

he(x) = —2e¢(x)

with spectral parameter e = E — Ej

Can we find variables leading to an algebraic form of h?
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What might those variables be?

@ Consider the fundamental weights of Ay, and their orbits €2:

weight vector orbit size
w1 = (0,p4,1) 12
wy = (1,42,0) 20
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What might those variables be?
The invariants of the H3 group

weight vector

@ Consider the fundamental weights of Ay, and their orbits Q:

orbit size
w1 = (0,04,1) 12
w3 = (0,2p4,0) 30

@ Choose the shortest orbit and average

wey
a=2,6,10 are the degrees of the H3 group
«O0>» «F»r « «E> = A
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The invariants of the H3 group

@ Consider the fundamental weights of Ay, and their orbits Q:

weight vector  orbit size
w1 =(0,¢4,1) 12
w=(1¢3,0) 20
w3 = (0,2¢4,0) 30

a
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The invariants of the H3 group

e Consider the fundamental weights of Ay, and their orbits €2

weight vector  orbit size

w1 = (07@4’71) 12
w2 = (1,4%,0) 20
w3z = (0,2¢4,0) 30

@ Choose the shortest orbit and average

L) = 3 (0 x)?

we

a=2,6,10 are the degrees of the H; group
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@ The invariants are defined ambiguously

th — o
te — 16 +a1t§°‘

tigp — ti0 + a2t§t6 + a3t25
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@ The invariants are defined ambiguously

th — o
te — t + ants
tig — ti0 + a2t22t6 + (X3t§
@ We look for parameters «; such that
» the Hamiltonian h has algebraic form
» has infinitely-many invariant subspaces in polynomials

» these subspaces form a flag
» the flag is “minimal”
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Those variables are

1
— T
10+ 25 °
1
T =

wrievs (010t

10
1
T3 =

<t 76t o S50 1531 )
250+ 110v/5 \ ©° 15 2°" 375
The Hamiltonian takes the algebraic form

3 82 3
h:ZAija 9 +

0
ij=1 g ZBJ

oT;
j=1 J
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with

Al =4n

Ap = 1271

Az = 2073

Ay = —?7'127'2 + %73

Az = 1—27'17'5 — 247273

Asz = —%71T27'3 + = 128
3 45

B; =6+ 60v — 4wry
48 >
By, = ——(1 +5v)11 — 12w

B; = (2 + 51/)7'17'2 — 20wT3
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Configuration space and Jacobian

In 7's the configuration space boundary is an algebraic surface of
degree 7 (degree 30 in x)

k(1) = — 129607775 + 5760717573 — 6407375 — 5400077 1273
+ 216007 7573 — 230475 — 5062575 = 0

Boundary corresponds to zeros of Wy
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The square of the Jacobian of the change of variables x — 7 can
be calculated explicitly:

o on On)?
aXl 8X2 8X3
O 0Om 0T 9 8
2_ |02 Om Om| _ 9 R 8
P=oa o0 on 5 HR+(O‘ X)'= g5 K(7)-
ors 9r3 Om3 e
8X1 aXQ 8X3

It vanishes on the boundary of the configuration space.
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The algebraic operator h preserves subspaces
(1,2,3)
n

= (1" 73275%|0 < ny + 2 +3n3 < n) ,

= characteristic vector is (1,2,3), they form flag
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Polynomial spaces

The algebraic operator h preserves subspaces
(1,23) _ /. _m_n_n3
Pn = (r'1°713°|0 < nm+2m+3n3<n), neN
= characteristic vector is (1,2,3), they form flag

The flag is invariant with respect to weighted-projective
transformations:

T —T1+ a
Ty —To + by78 4 bomy + b3

T3 —T3 + C1T1T2 + Cng’ + 30 + C47'12 + 571+ G
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Eigenfunctions and spectrum

One can find the spectrum of h explicitly:
€ky ky ks = 2w(ki +3ko +5k3) , ki=0,1,2,...
Degeneracy: k1 + 3ko 4+ 5ks = integer
The energies of the original Hamiltonian are
E=E+¢e

Eigenfunctions ¢, ; of h are elements of 73,(,1’2’3).

Eigenfunctions of H are

V=V, ¢ (factorization)
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$0,0
en=1:

=1, €0,0=0.

3
10 =71+ Z(1+10v) ,
oen=2:

€1,0 = 2w.
- 2-2146 15 (1 4+ 6u)(1+10
¢2,0 = 7'1_;( + V)Tl—l—m( + 1/)( + I/),
€0 = 4w,
12 > 6
o1 = Tz+a(1+5u)7'1 —E(1+5y)(1+6y)7'1
3
+5(1 +5v)(1+6v)(1+ 10v),
€1 = 6bw
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Separation in spherical coordinates

In spherical coordinates the H3 Hamiltonian is

1 1 W(0, ¢)
— _A®) = 22, TTWLY)
H 2A + 2w re+ 2

The Schroedinger equation is separable:
V(r,0,¢) = R(r)Q(6, ¢)

with

[_2r26r (r 8r> I SWr + P R(r) = ER(r)

B £2 + w(o, qﬁ)} QR(0,¢) =~ Q(0,9)
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The operator

1
F=5 L4+ W(0,9)
is an integral of motion

» Explicit expression

[H7 -7:] =0
The gauge rotated operator

_ 15
f=Wo) "(F—10)V, 0= ?V(l + 15v)
has an algebraic form in 7's:

3 3)
f:ZF,-ja2

0
— L G —
A oT;0T; — o
1= J=
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with

24 A
Fo=—1im — _57_17_3 N 187_2 |
> 4
8
Fa3 = 157'1 73 + 121773 4 30773
64 -
Fa3 =~ ETm T3 S TiT2Ts + 5073
N :_(1 +50) 73 4 3(7 + 30v)72

(2+ 5v)7im2 + 5(11 + 300)7s
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The integral f preserves the flag of polynomials
e = (T{*752713°|0 < n1 + 3np 4+ 5n3 < n)

hence characteristic vector is (1,3,5).The operator h also preserves
this flag.

Joint eigenfunctions belong to this flag !

Existence of the flag (1,2,3) may be related to degeneracy of H
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algebra of differential operators?

Can 73,,1’2’3) be finite-dimensional representation spaces of a Lie
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Can P,(,1’2’3) be finite-dimensional representation spaces of a Lie
algebra of differential operators? Yes

We call this algebra h(3). It is infinite-dimensional but finitely
generated (30 operators).

Generating elements can be split in two classes:
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Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Conclusion
The h®) algebra.
Can 77,(,1’2’3) be finite-dimensional representation spaces of a Lie

algebra of differential operators? Yes

We call this algebra h(). It is infinite-dimensional but finitely
generated (30 operators).

Generating elements can be split in two classes:

o First class: lowering and Cartan operators, they act on P, at
any n, infinite flag is preserved
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The H3 integrable model

The h(3) algebra

The discrete H3 system
Quasi-exactly-solvable generalization

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Conclusion
The h®) algebra.
Can 77,(,1’2’3) be finite-dimensional representation spaces of a Lie

algebra of differential operators? Yes

We call this algebra h(). It is infinite-dimensional but finitely
generated (30 operators).

Generating elements can be split in two classes:
o First class: lowering and Cartan operators, they act on P, at
any n, infinite flag is preserved
@ Second class: raising operators, a single space at a certain n is
preserved
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The first class generators consist of 13 first order operators

M =ai, TP = 85, 7 = 85,

Tl(l) =101, T2(2) =107, T§3) = 1303,
T1(3) =703, Tl(f) =71203, Tl(ﬂ = 7303,
T1(2) =702, Tl(f) =10, T2(3) =103,

Tl(g) = 117203
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Second and third order operators

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

plus 6 second order generators

T3 = nou 7Y = r2ois T = 73053,

T3(12) = 13012, T3(22) = 7'33227 T( 2 = 17302

and 2 third order generators

(222)

T3(111) = 130111, T35 = 13000

These 21 operators are generating elements of the flag-preserving
subalgebra of h(3)
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Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Second class (raising operators)

Define the auxiliary operator (which belongs to the first class)

Jo=71101 + 210>, +3m3093 — n

Raising generators consist of 8 operators of 1%t, 2" and 3™ order

Jr=mnd, JZ,l =101, JI,Q = 13020,

J;- = 7’2./0(./0 + 1)

+ — il _ 2

J;_ = T3J0(J0 —+ 1)(J0 + 2) 5 J?—:fl - 7_381-]0(-]0 =+ ]‘)

h(3) is the infinite dimensional algebra of monomials in the 30 (22+8)

generating elements

Marcos A. G. Garcia

The Hj3 integrable system
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The h(3) algebra

The discrete H3 system
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Subalgebras of h(®)

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Generating elements of h(®) can be grouped in 10 Abelian

subalgebras

L={T3, 7O 18 78
R—{T® 7O 1O}
F={T® 18 —
E={T® 17} —
G={T5)} —

and a closed subalgebra

(111)
= {T J;ffnaJ;flaJer}

R = {Tzll 7J;,_—1’J;_}
§ = {T3§12)aJ3Jf—2}

= 75
6 = {73}

B={TM 7V 1O 18 4o, 41}

Marcos A. G. Garcia
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The H3 integrable model Fl A .
The h3) Al Ra_g_ preserving operators
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The discrete H3 system
Quasi-exactly-solvable generalization
Conclusion

Commutation relations between commutative algebras:

[L,R] =0, [£,MR] =0,

[L,F] =0, [£,3] =0,

[L, E] = P2(R), [£, €] = P2(R),
[L,G] =0, [£,8] =0,

[R,F] =L, R, 8] = &,

[R,E] =0, [%,¢] =0,

[R, G] = Pa2(F), [R, 8] = Px(3),
[F,E] = Py(R& B), 3,¢] = Py(R @ B),
[F,G] =0, [3.8] =0,

[E, G] = P3(F & B), (€, 8] = P3(3 @ B),
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Conclusion

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

[L,R] = P>(F @ B),
[L,3] = P2(R @ B),
[L, €] = P2(F),

[L,&] = P,(R®E),

[R, 3] = E,
[R, €] = P»(F @ B),
[R,&] =0,
[F,¢] =G,
[F, 8] = P,(E & B),
[E, 8] =0,

Marcos A. G. Garcia

[£,R] = Px(§ & B),
£, F]=P(R® B),
[27 E] = P2(1§’)7

[£,G] = Py(R @ @),

[R, F] =€,
R, E] = P(F @ B),
[R, G] =0,
[3,E] =8,
[§, G] = P.(¢ @ B),
[QE: G] =0,

The Hj3 integrable system



The H3 integrable model

The h(3) algebra

The discrete H3 system
Quasi-exactly-solvable generalization
Conclusion

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

[Lv 2] = P3(B)7 [R>SR] = P2(B)’ [Fvsr] = P2(B)v
[E,@]:P3(B), [G7®]ZP4(B)
Commutation relations between Abelian subalgebras and B:

[L,B]=L, [R.B]=R, [F,B]=F, [E,B]=E, [G,B]=G,
[£.B]=¢, [R,B]=R, [§.B]=5, [€,B]=¢, [6,B]=6
B

+ | 4

L - - g
P3(B)
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The H3 integrable model

The h(3) algebra

The discrete H3 system
Quasi-exactly-solvable generalization
Conclusion

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Commutation relations between generators of B:

7, T =, =0, (70, 1§ =0,
767 o) =757 (T A1 =T+ b (T, T =0,
TP, =0, [T sl=0, [T o il = I
T2, 7TP1=0, [T hl=0, (732, 51=0,
[T, bl =0, [T, 41 =0, o, 1= 44

Correspond to
Bgl, dR®
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The H3 integrable model

The h(3) algebra

The discrete H3 system
Quasi-exactly-solvable generalization
Conclusion

The h Hamiltonian (Lie algebraic form)

Flag preserving operators

Raising operators

Commutation relations

The Hamiltonian in algebraic form

Lie algebraic form for h:

h=aTOTO L oa7TPTH 4 20TE T %8 AT

45 22 32 3 9 3 2 64 3 3
128 48
+ 5 TSS) + (6 + 60v) Tél) — 4w Tl(l) - E(l + 5u)T1(f)

Al

—12wTP) - (2 50) TS — 20w TS
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The existence of the algebraic form of the Hamiltonian allows us to

construct a discrete system with a property of isospectrality.

i
v
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The Hj3 integrable model
The h(3) algebra

The discrete H3 system Discrete H3 Hamiltonian
Quasi-exactly-solvable generalization
Conclusion

Discrete H3 system

The existence of the algebraic form of the Hamiltonian allows us to
construct a discrete system with a property of isospectrality.

Let us introduce three pairs of finite difference operators
Do) _ (eéiai —-1)
] 5[, ?
x0) — (Tiefzs,-a,-) 7

1

where i = 1,2,3. They realize a three parametric canonical
transformation in 3 4+ 3 phase space

[D,(éi)’Dj('éj)] ~0, [Xi(l;/)")(j(tsj)] —0, [ngi)vkvj(&j)] = Jp -
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eigenvalue problem

Take the linear differential operator £(9;,7;). Consider the

L(0i,7i) (1) = A o(T)

with polynomial solutions

o(r) = Z Qdm T TS s

«0)>» «Fr» «E>» « E)» nae
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Performing the canonical transformation (discretization) we arrive
at
(D 2 o(x{) 0) = Ap(2() |0)

One should introduce the vacuum |0):
N0y =0, i=1,23 = |0)=1.
The corresponding solutions are
o(1) = Zak/mTl(k)Tél)@(m) ,
where

Ti("H) = 7i(1; — 8;)(7; — 26;) - - - (1; — nd;) (quasi-monomial).
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The Hj3 integrable model
The h3) algebra

The discrete H3 system Discrete H3; Hamiltonian
Quasi-exactly-solvable generalization
Conclusion

Performing the canonical discretization for the H3 Hamiltonian in
the algebraic form hy, we arrive at the isospectral finite-difference
operator

o;
hH3 :hH3( ( i) X( ) Z Akl,kg,k3 ek10101+kab202+ k36303
k1,k2,k3

It is a 22-point finite-difference operator with the following
non-vanishing coefficients
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The Hj3 integrable model
The A3 algebra

The discrete H3 system Discrete H3; Hamiltonian
Quasi-exactly-solvable gengralizlation
4 T1 37 5713 6
A = ——(2+4¢ 222 - (1410
0,0,0 51( + d1w) {51+ 5 + 53} 51( + 10v) ,
2 27’1 ].27'2 207‘3
A = S|4+ 242 43(1410
1,0,0 51[51—1— 5 + 5 +3(1+ V)],
A100 = 5 (1 + 0w,
48 27’2 57’3
A_ = — — 61 — +1+5
2,0,0 5527'1(7'1 ) [6 + 5 + 1+ V} )
12
A07,170 = (5152 (2 + 51&])7‘2 s
5[ 8 9
Aoo,—1 = [5153 (2 + 6w) + 52} T3,
128
Ao,—30 = 2552 (12 — 82)(m2 — 202) ,
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Ai,—1,0
Ar0,-1
A1 10
A_1 20
A1
A_1-1,-1

A_1,-21

241,

016
_ 307
0103
32 T2 207’3
L 142
1553TIT2 [52 5 —5(1+ 1/)]
32
80,0, 1 72(2 = %2) »
32 T2 107’3
— — 1+2
150, 72 [52 = U+ ”)] )
0 —— T THT
352 17273
32
—mTsz(Tz —8),

«40>» «4F>» «E» « ) =



A 210

A2 _10
A_20,-1
A 21,1

sds

Ao1,-1

2ty

Ao2,—1

) i

56

6 03

0203
45

48
55 —(n — 51)

573
03

2 T2T1 (Tl 51) ’

7'37'1(7'1 01) ,

48
—m371(m1 — 01)

73

-,
%

4573

263

256
4552

12
4562

)

——1(12 — 82) (12 — 282)

8 ’7'2(7'2 52)(7'2 - 252) .

«0)>» «Fr «

+—+1+51/
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Quasi-exactly-solvable generalization

Among the eigenfunctions of the Hamiltonian hy;, there is an
infinite family of eigenfunctions depending on the variable 77.

They are solutions of the equation

0P %
—hy o= —47'1877_12 + (4wm — 6(1 4+ 10V))a—7_1 = €p.

Corresponding eigenfunctions are given by Laguerre polynomials:

on (1) = L£,11/2+15V)(w71) , €n =4wn, n =0,12...
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Conclusion

The operator h; can be rewritten in terms of the generators of the
Cartan subalgebra of s/(2) realized by the operators

9, o k _ 0
J:__Tla — k11, J,?ZTlale—E, J = on

These generators have a common invariant subspace

Pe=(rf |0<p<k), dimP,=(k+1)
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The Hj3 integrable model
The h(3) algebra

The discrete H3 system Construction
Quasi-exactly-solvable generalization
Conclusion

The operator h; can be rewritten in terms of the generators of the
Cartan subalgebra of s/(2) realized by the operators

0 0 k _ 0
J::Tfaiﬁ_k’rl’ J/(():Tlaiﬁ—i, J 2677'1’

These generators have a common invariant subspace
Pe=(rf |0<p<k), dimP,=(k+1)
The operator h; takes the s/(2)-Lie-algebraic form
hy =487 — 4wJd +6(1 + 10v)J™ .
It preserves the infinite flag of spaces of polynomials
PoCPiCPoC---CPC---

and any eigenfunction is an element of the flag.
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@ Look for the QES Hamiltonian in the form

) = H + V=) ()

o Gauge rotate: h(9%) = —2(Wq)~1(H(98) — Ej)(Wo)

@ One obtains the equation

. -)ZA
/7(1‘7 ); = 4*( LS

.
r =+ (4w 6(1-101/))'()* F21/(98) (7))
(Tf T

T1

«40>» «F>» «E» « 3 = Q>

o h(9¢%) should possess a 71-depending family of eigenfunctions



(*]

()

@ Look for the QES Hamiltonian in the form

) = H + V=) ()

o Gauge rotate: h(99) = —2(Wo)~1(H(9) — Ey)(Wo)

«40>» «F>» «E» «E» = Q>



@ Look for the QES Hamiltonian in the form

) = H + V=) ()

o h(9¢) should possess a 7i-depending family of eigenfunctions
(*)

«0)>» «Fr» «E>» « E)» nae

o Gauge rotate: h(99) = —2(Wo)~1(H(9) — Ey)(Wo)
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Construction

Look for the QES Hamiltonian in the form

H@e) = 1 4 V(@) (1)

Gauge rotate: h(9es) = —2(Wq)~1(H(9e) — Ey)(Wo)

h(@es) should possess a Ti-depending family of eigenfunctions

One obtains the equation

2
—h#®yp = —4712 +(4wTi — 6(1+10V)) +2V(qes (m)p = ep
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@ Let us gauge rotate hgqes):

sl(2)—qes
@) -aes) _

a
-
o

47'12> hgqes)rf exp (

- 2)
41

«4O0>» «F>» «E» (=) A
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Conclusion
(qes),

@ Let us gauge rotate hy
hgsl(Z)—qes) =7 “’exp (4 ) h(Qes)Tl exp <_Z7_12>

o If V(9es) is chosen of the form
v(2y + 30v + 1)

1 5
viee) = 2 23 pawr?—a 2k 4+ 2y + 150 + = | i+
2 2 i
(sl(2)—qes) . _ . el . )
then hj is in s/(2)-Lie-algebraic form:

hgs/(z)fqes) = 4J0J7 —datt —4wd) +2(k + 4y +3(1+10v))J~
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Conclusion

(

The operator hISI(2)7qe5) has Py as an invariant subspace, but it
does not preserve a flag of spaces.

It has (k + 1) polynomial eigenfunctions of the form of polynomials
of the degree k,

k
k j) i H
P_/( )(7'1) :Z’YI(J)T]- 5 J 2071727"' )
i=0

while other eigenfunctions are not polynomials.
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Conclusion

s/(2)-quasi-exactly-solvable Hamiltonian associated with the root
space Hjs:

3
2¢(aes) EZ [ 322 vt }
2io L ox K
2g

_|_

{ig,k} /L12§=:0,1 [X’ + (—1)“1(p+)(j + (_1)“290—Xk]2

1 5
+ 5 32()(2)3 + aUJ(X2)2 —2a <2k 4 2,7 + 150 + 2) X2
n v(2vy+30v + 1)

X2 ’

where {i,j, k} = {1,2,3} and all even permutations, and
3
x2 =37 X2
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the form

We know (k + 1) eigenstates explicitly. Their eigenfunctions are of

Wi(x) = AJAL (x*)7 - P(x?) e”

W2
5 X

%(XZ)Z
where Py is a polynomial of degree k and g =v(v —1) > —

1
e
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Conclusion

@ An algebraic form for the H; rational model exists. It acts on

the spaces of polynomials 7?,(,1’2’3), n=0,1,2,...

Eigenfunctions are elements of these spaces

@ An integral of motion exists. It has an algebraic form in 7
variables

@ The hidden algebra of the H3 model is the h(3) algebra, which
has infinite dimension but is finitely generated

@ It is possible to construct an isospectral discrete model and a
quasi-exactly-solvable generalization

@ Other integral(s) of motion has not been found yet

e Why different minimal flags are preserved by h and f?
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2 5 R
T1 = X1 +X2 +X3’

To =

g (0 + R+ R8) +

«O> Fr (= <

53),

= . o

~(2=50.) (5 + 84 +x3)
(2 5o_) (x§x5 + 57 +x3x3) —
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Conclusion

2
(4 + 530+ 5%+ oo (14 50-) (xEd + X8 + x§xD)

=125
225(1 +501) (X5 4+ X5x5 + x3x3)
245(1 —50_) (4% + x5 +x8x7)
b (1= 504) (o + x84 )
- 12152 (X5 + 55554 + x5x0%3)
22152 (Ex5x3 + x5 x +x3xd%3)
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Conclusion

if 1 o0/. ,0 1 & 2v(v —1)
F =—FZ|l=—%:|sin0= |+ ——75
2 [sm 6 00 ( 5‘0) sin? 6 5@52] (s9Cp + P+50Sp + p—cp)?
2v(v —1) 2v(v —1)
(s6cp — P1+505p +9—Co)?>  (SoCp + 04595y — P—Cp)?
2v(v —1) 2v(v —1)
(secp — P+S0Sp — p_cy)? (sosp + pyco + @_59C¢)2
2v(v —1) 2v(v —1)
(s95p — p+Co + 9—50Cs)*>  (S8Sp + p1Co — P—SpCp)?
2v(v —1) 2v(v —1)
(s05p — p+co — p-50cp)?  (co + P150CH + p—5p54)?
2v(v —1) 2v(v—1)
(co — p+50Cs + 0—5055)>  (Co+ P1+59Cy — P—59Sp)?
2v(v —1) viv—1) vv-1) v(v-1)

(Co — 150Cs — P—5854)>
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